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Abstract 

The purpose of this paper is to understand the geometric structure of the L 2 -Wasserstein space 
V'2(R d ) over the Euclidean space. For this sake, we focus on its cone structure. One of our main 
results is that the L 2 -Wasserstein space over a Polish space has a cone structure if and only if 
so does the underlying space. In particular, T > 2(R d ) turns out to have a cone structure. It is also 
shown that "p2(R d ) splits R d isometrically but not 



1. Introduction 

Let (X,d) be a Polish space, i.e., a complete separable metric space. The L p -Wasserstein 
space over (X,d) is the set V V (X) of all Borel probability measures on X with finite p-th 
moment, endowed with the so-called L p -Wasserstein distance denoted by W p . The definition 
of W p , which is recalled in the next section, has its root in the optimal transport theory. 

Since the theory was born, contributions have been made by a number of authors. A milestone 
was the discovery made by Otto |10) that the solutions of porous medium equations can be 
regarded as gradient flows on the L 2 -Wasserstein space ),Wa) (cf. [7])- This was done 

by introducing a formal Riemannian structure to 7^2 whose induced distance coincides 
with the L 2 -Wasserstein distance. In addition, he performed formal calculation to demonstrate 
that the sectional curvature of ) with respect to his formal structure is everywhere 

non-negative. 

Later, the non-negativity of the curvature was justified by showing that (V2{X), W2) is an 
Alexandrov space of non-negative curvature if and only if so is the underlying space {X, d) (e.g. 
Sturm [11]). This fact suggests a close relationship between the geometry of Vi{X) and that 
of the underlying space X. 

The purpose of the present paper is to contribute to a better understanding of the geometric 
structure of the L 2 -Wasserstein space over the Euclidean space M. d . Among various special 
structures of M. d , we shall focus on its cone structure. The Euclidean space is naturally isometric 
to the (Euclidean) cone of its unit sphere with the angle metric Z (see Definition 12.31 below) . 
Now the main theorem of this paper is formulated as follows: 



Theorem 1.1. Let (X,d) be a Polish space. Then its L 2 -Wasserstein space (V2(X),W2) 
has a cone structure if and only if so does the underlying space (X, d) . Furthermore, if this is 
the case, V%{X) is non-branching at the vertex if and only if so is the underlying space X. 
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In the statement above, we say that a metric space (A, d) is non-branching at a point x in 
A if for any points u, v, w in X, 

d(u,v) = d(u,x) + d(x,v) (11) 
= d(u, x) + d(x, id) — d(u, w) 

When (X, d) and x happen to be a cone over a metric space (E, Z) and its vertex respectively, 
this definition is equivalent to that (S, Z) satisfies for any £ in S, 

the antipodal set {£' S E | /(£', £) > 7r} consists of at most one point. 

Remember that any Hilbert space is a cone which is non-branching at every point. 

The main ingredient of the proof of Theorem 11.11 is the analysis of the behavior of L 2 - 
Wasserstein geodesies, particularly those passing through Dirac measures. As a consequence, 
it will be shown that when an L 2 -Wasserstein space has a cone structure, its vertex must be a 
Dirac measure (Corollary 13. 5p . This observation plays a crucial roll in the proof of the "only 
if" part, as well as in the proofs of the corollaries stated below. 

In the previous preprint [12] of the first author, she found out that the space of all Gaussian 
measures, with the metric induced from (T^C^ ) ; Wz), has a cone structure. The structure of 
the base space are also discussed in |12j . By restricting to such a subset of 7^2 (K^), which is a 
finite dimensional Ricmannian manifold, she also gave a justification to Otto's calculation of 
the sectional curvature. 

We continue our study on the geometric structure of L 2 -Wasserstein spaces. It is clear 
that p2(^- d ) contains an isometric copy of the underlying space M. d . We shall obtain more 
information. 

At first, following Kloeckner [8], we define the rank of a metric space as the supremum of 
the dimensions of which Euclidean spaces can be isometrically embedded into it (cf. Foertsch- 
Schroeder [6]). We know that the rank of the L p - Wasserstein space is not less than that of 
the underlying space. One of the main results of a recent preprint [8] is the coincidence of the 
ranks of R d and V 2 {M. d ). 

Corollary 1.2. Let (X,d) be a Polish space which has a cone structure and is non- 
branching at the vertex. Consider the tower {Aj}g of Polish spaces constructed by letting 
Xq — X and Aj+i be the L 2 -Wasserstein space over A^. Then all of the ranks of Xi 's are equal 
to that of the underlying space X = Xq . 

Next we establish a splitting theorem for L 2 -Wasserstein spaces. A metric space (X, d) is 
said to split a Hilbert space (Tt, (•, •)) when (X, d) is isometric to the direct product of (Tt, (•, •)) 
and some metric space. We prove the following theorem for general Polish spaces. 

Theorem 1.3. If a Polish space (X, d) splits a separable Hilbert space (H, (■,■)), then its 
L 2 -Wasserstein space (P2(X), W2) splits (H, (•, •)) as well. 

As a by-product of our work, we obtain a partial converse to the previous theorem. 

Corollary 1.4 (of Theorem II. ip . Let (X,d) be a Polish space. Suppose that its L 2 - 
Wasserstein space (p2(X), W2) splits a separable Hilbert space (H, (-, •)). If either 

(i) (X, d) is non-branching at every point, or 

(ii) (A, d) has a cone structure (and hence so does (^(A), W2) ), 
then (A, d) also splits (H, (-,■)). 
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Finally, we summarize our results applied to the Euclidean space as follows. 

Corollary 1.5. The L 2 -Wasserstein space V2 (R d ) over the Euclidean space R d has a cone 
structure, and is isometric to the direct product of R d and a certain Polish space whose rank 
is zero. 



As far as the authors know, this is a result which is not available in the literature. (While 
preparing this paper, the authors came across the paper by Carlen-Gangbo [81 which is closely 
related to our this work. See Remark l4.2l b elow . ) 

The organization of this paper is as follows: In the next section, we recall the necessary 
definitions from metric and Wasserstein geometry. In Section 3, we describe the proof of 
Theorem 11.11 Section 4 is devoted to the proofs of Theorem 11.31 and Corollaries 11.21 and 11.41 
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2. Preliminaries 



2.1. Background on metric spaces 



In this subsection, we summarize some definitions on the geometry of metric spaces. For 
further details, we refer to pQ and [2]. Let {X, d) be a metric space. 

Definition 2.1. Let x,y,z be three distinct points in X. We denote by Zxyz the 
comparison angle of Zxyz, which is defined by 

d(x, y) 2 + d(y, z) 2 — d(z, x) 2 



Zxyz = arccos ■ 



2d(x,y)d(y,z) 



Definition 2.2. Let 7 : [0,e) — > X and a : [0,e) — > X be two paths in X starting at the 
same point x. We define the angle Z x {^,o) between 7 and cr as 



Z x (7,cr)= lim Zf(s)xcr(t), 

s,t\0 



if the limit exists. 



We briefly discuss the tangent cone of X. Fix a point x in X. We assume that Z x (^, cr) always 
exists for any two geodesies. A geodesic is a constant speed curve whose length is equal to the 
distance between its endpoints. We define YI X as the set of all geodesies starting at x equipped 
with an equivalence relation || , where 7 || a means Z x {^, a) — 0. The angle Z x is independent 
of the choices of 7 and a in their equivalence classes. Then Z x is a natural distance function 
on YI X . We define the space of directions (E X ,Z X ) at x as the metric completion of (E' X ,Z X ). 
The tangent cone (K x , d x ) at x is, by definition, the cone over (S x , Z x ). 



Page 4 of QJ 



A. TAKATSU AND T. YOKOTA 



Definition 2.3. The cone over a metric space (E,Z) is the quotient space C(E) = Ex 
[0, oo)/ ~ , where the equivalence relation ~ is defined by (£, s) ~ (77, t) if and only if s = t — 0. 
We call the equivalence class of (-,0) and S the vertex and the base space, respectively. The 
distance dc on the cone is defined by 

d c ((£,s),(ri,t)) = v/s 2 + t 2 - 2st cos(min{Z(£, 77), tt}). 

A metric space is said to have a cone structure when it is isometric to some cone. 



It is trivial that (S, Z) is a Polish space if and only if so is (C(£), dc)- 



2.2. L p - Wasserstein spaces 

In this subsection, we review L p - Wasserstein spaces (see |14j . |15j ). Let (X, d) be a Polish 
space. Given two Borel probability measures p and v on A, a transport plan tt between /i and 
^ is a Borel probability measure on A x A with marginals /i and that is, 

ttL4 X X] = fjt[A], ir[X x A] = v[A] 

for all Borel sets A in X. We denote by II(/j,, v) the set of transport plans between fj, and ^. 



Definition 2.4. For any two Borel probability measures \x and v on A, the L p - Wasserstein 
distance between fi and is defined by 



W p (n,v) 



inf 



d(x,y) p dTr(x,y) 



XxX 



In general, this does not define a distance function on the set of all Borel probability measures 
because W p (fi, v) might take the value 00 when one of the measures has infinite p-th moments. 
Henceforth we restrict W p to the set V P (X) of all Borel probability measures whose p-th 
moments are finite. Then W p defines a distance on V P (X) for p in [l,oo) and we call the pair 
(Tp(X),W p ) the L p '-Wasserstein space over (X,d). A transport plan in II(/x, v) is said to be 
optimal if it achieves the distance W p ([i,iy). An optimal transport plan always exists. Details 
can be found in |15l Chapter 4] . 

The underlying space X is isometrically embedded into V P (X) by identifying a point x in 
X with the Dirac measure 8 X in V P (X). In particular, if j(t) is a geodesic in X, then <5 7 (t) is a 
geodesic in V P (X). This face partly demonstrates that L p - Wasserstein spaces is often adapted 
to statements that combine weak convergence and geometry of their underlying spaces. In 
particular, we stress that L p - Wasserstein space over a Polish space is itself a Polish space 
(see [151 Chapter 6]). 

Since the L -Wasserstein space has a closer relationship with the "Riemannian" geometry 
of the underlying space than the L p -Wasserstein space as mentioned in the introduction, we 
treat especially the case p = 2 in the rest of the paper. 



3. The proof of the main theorem 

We first prove the "if" part of Theorem 1 namely, we show that if a Polish space (A, d) is 
a cone over Y then its L 2 -Wasserstein space (^(A), W2) also has a cone structure. Let o and 
S = S be the vertex of A and the Dirac measure centered at o, respectively. We need to prove 
some lemmas under the assumptions of Theorem 11.11 
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Lemma 3.1. For any non-negative number s, we define a map ip s on X = C(Y) by 
ip s (y,t) = (y,st) and the associated map * s onV 2 (X) by* s (/z) = (i/j s )$fJ>- Then {* s (m)}«6[o,i] 
is a geodesic from 5 to (i in V 2 (X). 

Proof. Due to the fact that ^o(n) — S and = /i, we only need to show that 

W 2 (^ s ( f i)^ t ( t x)) < \s - t\W 2 (8, fi) 
for all s,t in [0, 1]. Since (tp s x ipt)ifJ- is a transport plan in n(^' s (/^), \&j(/i)), we have 



d(xi,x 2 ) 2 d(ip s x ij) t )^(x u x 2 ) 



XxX 



d(ip s (x),ipt(x)) 2 d(i(x) 



x 



= ( s -tyw 2 (s^y. 

Lemma 3.2. For any /i, v in V 2 {X) and non-negative numbers s, t, we have 
W 2 (¥»(m), V t (is)) 2 = stW 2 (fi, vf + (s - t)(sW 2 (8, fi) 2 - tW 2 {6, v) 2 ) 



□ 



Proof. Since the case that st equals is trivial, we consider the case that st is positive. It 
follows from the definition of the cone distance that 

d(ip s (xi), ip t (x 2 )) 2 = std(xi,x 2 ) 2 + (s-t) (sd(o, xi) 2 - td(o,x 2 ) 2 ) 

for any x\, x 2 in X. Because (ip s x V't))) 7r is a transport plan in H(^ a (fj,), ty t (i/)) for any optimal 
transport 7r in II(^, u), we obtain 



XxX 



d(xi,x 2 ) 2 d(ip s x ipt)i7r(xi,X2) 



d(ip a (xi), ip t (x 2 )) 2 dir(xi, x 2 ) 



XxX 



stW 2 (ii,v) 



t)(sW 2 (5, ii) 2 - tW 2 (6, v) 



(3.1) 



The last equality follows from the facts that 7r is optimal and that the marginals of 7r are /z and 
v. We also obtain, by substituting (1/s, 1/t) for (s,t) and (\P s (/x), ^t(^)) for (/i, v) respectively 
in (l3~TT), that 



W 2 {^v) 2 < -W 2 ^ s {y)^ t { V )f 
st 



1 1 

s t 



{sW 2 {5,n) 2 -tW 2 (6,vf 



(3.2) 



Combining (|3.ip and (|3.2[) , we deduce 

W 2 (*.(^), * t H) 2 < stW 2 (fx, v) 2 + {s - t)(sW 2 (S, v) 2 - tW 2 {5, v) 2 ) < W a (*.(/i), *tH) 2 - 
Therefore the previous inequalities have to be equalities. □ 



Proof of the "if" part of Theorem First of all, Lemma 13.21 guarantees the uniqueness 
of geodesies connecting 6 and any [i in V 2 {X). To see this, let {A i (s)}se[o,i] be a geodesic from 
5 to fi. Then we have W 2 {^ s {u) , n(s)) 2 — because [i = ^i(fi). Thus all geodesies starting at 
5 are written as {\1/ S (/Lt)} and they can be extended up to the boundary of the ball B(S, R) for 
any positive number R. We may without loss of generality choose a geodesic ray 7 M (s) = ^ s {fJ-) 
from 6 passing through fi with W 2 (5, fi) = 1 as a representative of the equivalence classes in 
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T,'g. We moreover conclude that the angle between 7 M and 7^ is given by 

^(7m,7.) = arccos ^1 - ~W 3 (ji,u)A ■ (3.3) 

The completeness of (V 2 (X), W 2 ) guarantees the completeness of (E' s ,Zs) and it yields that 
the space of directions Y,$ at 8 in V 2 (X) coincides with X^, namely, £5 is regarded as 

{7 M I a geodesic ray from 8 passing through (j, in V 2 (X) with W 2 (S, fi) = 1} . 

We finally construct an isometric map T from the tangent cone (Kg, d$) at 8 to (V 2 (X), W 2 ). 
Let r be the map given by r(7„, s) = 7 M (s) = \l/ s (/i), which is well-defined and bijective. By 
Lemma 15721 and (|3.3p , we get 

w 2 (r( 7/t , a ), r( 7l/ ,t)) = w 2 (* s (u.),M")) = 4(( 7m , «), (7,, *)), 

proving that L is an isometry and the "if" part of Theorem 11.11 □ 

When we prove the "only if" part of Theorem 11.11 the following two lemmas play essential 
roles. Although they are special cases of [111 Lemma 2.11], we include the proofs of them for 
the completeness of the argument. 

Lemma 3.3. Let (X, d) be a Polish space. For arbitrary points x and x' in X, if there exists 
a unique measure fi in V 2 (X) so that 

W 2 (p,8 x ) = W 2 ((i,8 x >) = \\V 2 (8 X ,8 X ,) = \d{x,x'), 
then [i is a Dirac measure. 

Proof. By the direct calculation, we get 

W 2 (8 X , 8 x ,f = 2W 2 (ii, 8 x f + 2W 2 (ii 1 8 x ,f 



2 



d(x,y) 2 dn.(y) + 2 



d(y,x') dfi(y) 

x 



Jx 

> d(x,x') 2 d/i(y) 
- x 

= d(x,x') 2 . 

The inequality must be equality and we obtain 

d(x, y) = d{y, x') = -d(x, x'), 
for /i-almost every y in X. By the uniqueness of /i, /i must be the Dirac measure. □ 

Lemma 3.4. Let (X, d) be a Polish space and {m( s )}ss[o,i] be a geodesic in (P2(X), W 2 ). If 
the midpoint /u(l/2) is a Dirac measure 8 X > , then for every Xi in the support of u.(i) (i = 0, 1), 
we have 

W 2 {ti(i),S x ,) = d(xi,x') = ~d(x , Xl ) = iw 2 (/i(0),M(l))- 

In particular, if X is non-branching at x' in the sense of (jl.ip . then fi(0) and fj,(l) are also 
Dirac measures. 
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Proof. Since the product measure (x = fj,(0) x is a transport plan in II(/i(0), we 
get the following inequalities: 



W 2 (M0),/i(l))< 



d(x ,a;i) 2 d^(xo,xi) 



< 



d(x' > x ) 2 dfJ,(x ,Xi) ) + 



d(a;', xi) 2 dn(xo, x\) 



XxX 



= W 2 ( M (0),/i(l/2))+W 2 (M(l/2) I /x(l)) 
= W 2 (m(0),m(1))- 

The previous inequalities must be equalities and since the integrands are continuous, we obtain 
that 

d(x , x') = d(x', xi) = -d(x a ,xi) 

for every (xq,xi) in the support of /i = /i(0) x It follows from this that <i(a;o,a;i) is 

independent of xq and ii, and equal to W 2 (/i(0), /i(l))- This is the desired result. □ 



COROLLARY 3.5. For a Polish space (X, d), if its L 2 -Wasserstein space has a cone structure 
then the element in 'P 2 (X) corresponding to the vertex must be a Dirac measure. 



Proof. For an arbitrary point x in the support of the vertex /z, there exists a geodesic ray 
from /i passing through the Dirac measure S x in V2(X). By applying Lemma l3.4i we acquire 

W 2 (fi,S x ) = d(x,x) =0. 

Therefore the vertex is a Dirac measure. □ 



Proof of the "only if" part of Theorem lJ.il We assume that (V2(X), W 2 ) is isometric to a 
cone (C(E), dc) with the vertex O, which corresponds to a Dirac measure 5 by Corollary 13.51 
For any x in X, there exists (£, sq) in C(S) corresponding to the Dirac measure 5 X . Let 
: [0,oo) — > C(S) be the geodesic ray given by r^(s) = (£, s). Then for any non-negative s, 
Tj(s) also corresponds to a Dirac measure in T'2(X). This is due to the uniqueness of geodesies 
in the cone C(S) starting at the vertex, as well as Lemma |3~31 for s in (0, so) and Lemma IIOI 
for s in (so, oo). 

We set 

Y = {£ G S | (£, 1) corresponds to some Dirac measure} 

= {£ e E | (£, s) corresponds to some Dirac measure for all s > 0} 

and define a map T from (C(Y),dc) to (X, d) by r(£, s) — 7^(s), where 7{(s) is the center of 
the Dirac measure in V2{X) corresponding to T^(s). (We abbreviate the distance dc\c(Y) as 
dc-) By the previous argument, T is well-defined and bijective. We additionally have 

do((C, «), (»/,*)) = W 2 (6^ (s) ,S lnm ) = d(7 C («),7i,(*)) = d ( r (£, *), *)) 

for any (^, s) and (77, t) in C(Y). This shows that T is an isometry between C(Y) and X. Now 
the proof of the "only if" part of Theorem II. II is complete. 

The second statement about being non-branching at the vertices is a immediate consequence 
of Lemmas 13.41 and 13.51 □ 



Remark 3.6. When the space (X, dx) is a cone over (Y, dy), a relation between 
(P2(Y), W2) and the space of directions (E,j,Z) which is the base space of (T > 2(X),W 2 X ) 
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is as follows. We denote by o and S = 5 the vertex of X and the Dirac measure centered at o, 
respectively. 

We define two maps i and G as follows: 

l : Y 3 y h- (y, 1) e X = C(Y), G : P 2 (Y) 3 Jl ~ 7t , p € E 4 . 

The map G is well-defined, that is, W*{5, i$Ji) — 1 for all Jl in Vi(Y), and injective. 
The map G : V% (Y) — > as above is not an isometry in general. Indeed, for 

Y = S 1 = [-7r,7r]/{7r = -tt}, < (9 < tt/3, 

we define probability measures /I, V on Y by 

M = ^ (V + W , ^ = ^ (<% + 1 

where (1/1,2/2) = (0, 7r — 20) and (2/1,2/2) = 7r )- Then we have 

W^{Jl,vf = ^6> 2 and cosZ(G(/x), G(?)) = i(cos<2 + cos26>), 

that is, Z(0(ju), 0(z/)) is not equal to (Jl, 57) and G does not have a monotonicity of distance; 

(Jl, v) is smaller than Z(0(//), 0(z?)) for 6* close to tt/3, while the reverse inequality holds 
if is a sufficiently small. 

Remark 3.7. Since the supports of elements in ©(^(Y)) are contained in dB(o, 1) C X, 
the map G in the previous remark is not surjective. To see this, let N be the normal distribution 
on R, namely, its Radon-Nikodym derivative with respect to the Lebesgue measure dt is given 

by 




and r be the map from R to X sending t to (y, \t\) for some y in Y. Then the push-forward 
measure t$N belongs to £5 = dB(5 , 1), not to ©(^(Y)). 

Remark 3.8. The cone structure has such a function as an inner product of a Hubert 
space and we are taking advantage of its L 2 -structure characteristic in the proof of Lemma I3T21 
Thereby we do not expect to generalize our result to L p -Wasserstein spaces. 



4. Applications 

We first consider the next lemma which is the key of the proof of Corollary 1 1.21 

Lemma 4.1. For any isometric embedding ip of a cone (C(Z),d c ^ z ^) over (Z,dz) into 
another cone (C(Y),dc(Y)) over a complete metric space (Y, dy), there exists an isometric 
embedding ip of C(Z) into C(Y) which maps the vertex of C(Z) to the vertex of C(Y). 

Proof. For any (z,s) in C(Z), we denote by (£ z (s), r z (s)) its image ip(z, s) in C(Y). Due 
to the triangle inequality, we acquire 

r 2 (s) 

\r z (s) — s\ < r z (0) and hence lim — - — = 1. 
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Since 

cos(min{d y (^(i),£ z (j)),7r}) = 



r z (i) 2 + r z (j) 2 - (i- j) 2 



^r z {i)r z (j) 

2 - i' 2 4- 1iA ^ 



r z {i) 2 -i 2 + r z (j) 2 - j 2 + 2ij 



2r z (i)r z (j) 

as i and j tend to infinity, we notice that {£z(*)}ieN is a Cauchy sequence in Y. Then the 
completeness of Y ensures the existence of the limit £ x of {£z(«)}ieN- 

Defining the map ip from C(Z) to C(Y) by ip(z,s) = (£, z ,s), we obtain the following 
equalities: 

dc(Y)(4>{z,s),ip(z',s')) = s 2 + s' 2 - 2ss km cos(min{c!y £ z ' (£))> n }) 



2 



= s 



2ss cos(min{<iz(z, z ), 7r}) 



= rfc(z)((2 : ,s),(z',s')). 

This implies that the map "0 is the desired isometric embedding which sends the vertex ofC(Z) 
to that of C(Y). □ 

Proof of Corollary 11.21 It suffices to consider the ranks of X and V2(X). For any non- 
negative integer k less than or equal to the rank of V%{X), there exists an isometric embedding 
of M. k into Vi (X) sending the origin to the vertex by the definition of the rank and Lemma BTTl 
In addition, Lemma 13.41 asserts that all of the elements lying in the image of M. k are Dirac 
measures. Thus the rank of X is larger than or equal to k, proving the equality of the ranks of 
X and V 2 {X). □ 

We next prove Theorem 1 1.3\ which is a generalization of [5j Lemma 5(b)]. 

Proof of Theorem U .3\ Changing notation, we assume that (X, dx ) is isometric to the direct 
product of some metric space (Y, dy) and (7i, (•, •)). For any x in X, let xy and xu stand for 
the projections of x to Y and Ti., respectively. Then for any x, x' in X, we have 

dx{x,x') 2 = dy(xY,Xy) 2 + \\xn - x' n \\ 2 , 

where, || • || is the norm of Ti.. Since Ti is the Hilbert space, an arbitrary \x in V2{X) has a 
unique mean m(p) in Ti. satisfying 



(m(fj,),h) 



(xh, h)dfi(x) 

x 



for any h in Ti.. We denote by V2,h(X) the subset of V2(X) of elements whose means are h. 
We define a map tph on X by (ph(x) = {xy, xn + h) and the associated map <&h from ^{X) 
to p2(X) by $/i(/it) = (<ph)$fJ*- Then we have for any h' in Ti 



{x H ,h')d$ h (ji){x) 

x 



(xji + h, h')dfi(x) — (m(fi) + h, h'), 

x 



implying m($h,(/x)) = m(/i) + h. Since the maps $>h and <&-h are inverses of each other, we 
conclude 



V 2 (X) = [J V 2 ,h{X) = □ $ h p>2, (X)), 



hen hen 



where is the zero vector in H. Thus we can define a map $ from Vs,o(X) x H to V2(X) by 
sending (//, ft,) to = /Lt/j. Now we confirm that the map $ is an isometry. For any /z and 

fjf in T^.oPQj (y'/i x fh')i^ is a transport plan in Tl(fih, M/t') f° r an y optimal transport plan tt 
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in Then we get 



dx(x,x') 2 d(ip h x ip hl )^{x,x') 

XxX 

d Y {x Y ,x' Y ) 2 + \\{x H +h) - (x' n + h')\\ 2 dn(x,x') 

d Y (x Y ,x' Y ) 2 + \\xn - x' H \\ 2 + \\h - h'\\ 2 + 2(x n -x' H ,h- h!) dn(x,x') 



XxX 



XxX 



dx(x,x') 2 dir(x,x') + \\h-ti\\ 2 

XxX 

= W 2 (^n') 2 + \\h-h'\\ 2 . 

The third equality follows from = Tn(fjf) — and the last equality follows from the fact 

that 7r is optimal. By a similar argument, we also obtain 

W 2 {^^') 2 <W 2 ^ h ^' h ,) 2 -\\h-h'\\ 2 . 

Therefore we acquire 

W 2 (n h ,v' h ,) 2 < W 2 (fi^') 2 + \\h-tif < W 2 ((i h ,(i' h ,) 2 . 
Hence the previous inequalities have to be equalities, that is, the map <f> is an isometry. □ 



Remark 4.2. Carlen-Gango [3] also investigate the structure of the absolutely continuous 
part of the L 2 -Wasserstein spaces over M. d . They do this in order to carry out the constrained 
version of the variational scheme of Jordan-Kinderlehrer-Otto [7] . 

Our result seems to have in common with what was established in [3l Section 3] (cf. O 
p. 219, Line 12]). However, our argument, based on the metric geometry, is simple and works 
as well for the measures not necessarily absolutely continuous with respect to the Lebesgue 
measure. It will also help the readers interested in the results of [3]. 

See also the subsequent paper [4] and Tudorascu's paper [13] where some open problems 
in [3] are solved. 



Remark 4.3. If we choose a separable Hilbert space H as X in the statement of 
Theorem II .31 then it turns out that V 2 fi{H) has a cone structure. Moreover the base space S 
of V 2 fi(H) is given by 

{7 M | a geodesic ray from 5 = S in V 2 ,o(X) passing through \i with W 2 (5, /u.) = 1} 



by a similar argument in the proof of "if" part of Theorem 11.11 We can estimate the diameter 
of (Eo,Z). This estimate in the case of M. d appears in [3j (3.10)], however it was proved in a 
different way. For any elements 7 M and 7^ in Sq, we acquire 



W 2 (p^') 2 < 



\\h - h'\\ 2 d(ii x n')(h, ti) = 1 + 1-2 



HxH 



(h,h')d(n x f/)(h,ti) = 2 



HxH 



because the means and variances of /j, and \J are and 1, respectively. By (|3.3[) . we obtain 

cosZ( 7AI , 7 ;) = l-iH/ 2 ( / i, M ') 2 >0. 

It implies that the angle ^(7^, 7^) is smaller than or equal to 7r/2. Since [i and \J are arbitrary, 
we acquire 

7T 

diamSo = sup ^(7^,7^) < - 
This fact and Theorem 11.31 also guarantee that the rank of T' 2 (M d ) is equals to d. 



CONE STRUCTURE OF L 2 -WASSERSTEIN SPACES 
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Proof of Cora/ lav v II. 41 Since part (i) follows immediately from Lemma I3T41 we only prove 
part (ii). We assume that PaPO has a cone structure and is isometric to the direct product of 
some metric space (Q,cIq) and Ti. We denote by (gojO) the element in Q x Ti corresponding 
to the vertex of V2(X). For any ft in Ti., the map given by (q, ft/) i— ► (q, ft. + ft/) is an isometry; 
therefore (qo,h) must correspond to the vertex, i.e., a Dirac measure (Corollary [33]). 

Next, we fix an arbitrary x in X and find (q, ft) in Q x Ti corresponding to 8 X in V-iiX). Then 
there exists a unique geodesic ray {(q(s), 0)} se ro l00 ) from the vertex (go, 0) passing through (g, 0) 
at s = so = dc>(qo, q). By the argument used in the proof of the "only if" part of Theorem 1 1.1| 
we can conclude that (q(s), j^h) must be corresponding to a Dirac measure for any positive 
number s. Then consider the geodesic ray {^(s)} s <e[o,oo) in Q xTi given by 

/(„) = (,(.), 2(i--l) M-(2-±)tf) 

for some fixed ft' in 7i. We deduce that £(s) is also corresponding to a Dirac measure in 7-2 (A) 
for any positive s, because ^(0) = (go, 2(ft' — ft)) and £(2so) = (q(2so), 2h) correspond to Dirac 
measures. Thus £(sq) — (g, ft') is corresponding to a Dirac measure and X is isometric to 

Ti x {q £ Q | (q,h) corresponds to some Dirac measure for some (hence all) ft £ Ti}. 

This completes the proof of part (ii) of Corollarv ll.4l □ 

Remark 4.4. We mention the result of Mitsuishi [9], which is the splitting theorem for 
Alexandrov spaces of non-negative curvature without the properness assumption (see [9] for 
the statement and definitions). With the help of Corollary II. 41 (i). his result ensures that the 
rank of the i 2 -Wasserstein space over any Alexandrov space of non-negative curvature is the 
same as that of the underlying space, since being non-branching everywhere is one of the 
fundamental properties of Alexandrov spaces with lower curvature bound. 



References 

1. D. Burago, Y. Burago, and S. Ivanov, A course in metric geometry, Graduate Studies in Mathematics, 
vol. 33, American Mathematical Society, Providence, RI, 2001. 

2. Y. Burago, M. Gromov, and G. Perel'man, A. D. Alcksandrov spaces with curvatures bounded below, 
Uspekhi Mat. Nauk 47 (1992), no. 2(284), 3-51, 222. 

3. E. A. Carlen and W. Gangbo, Constrained steepest descent in the 2-Wasserstein metric, Ann. of Math. 
(2) 157 (2003), no. 3, 807-846. 

4. , Solution of a model Boltzmann equation via steepest descent in the 2-Wasserstein metric, Arch. 

Ration. Mech. Anal. 172 (2004), no. 1, 21-64. 

5. J. A. Carrillo, R.J. McCann, and C. Villani, Contractions in the 2-Wasserstein length space and 
thermalization of granular media, Arch. Ration. Mech. Anal. 179 (2006), no. 2, 217-263. 

6. T. Foertsch and V. Schroeder, Minkowski versus Euclidean rank for products of metric spaces, Adv. Geom. 
2 (2002), no. 2, 123-131. 

7. R. Jordan, D. Kinderlehrer, and F. Otto, The variational formulation of the Fokker-Planck equation, SIAM 
J. Math. Anal. 29 (1998), no. 1, 1-17. 

8. B. Kloeckner, A geometric study of Wasserstein spaces: Euclidean spaces, preprint. 

9. A. Mitsuishi, A splitting theorem for infinite dimensional Alexandrov spaces with nonnegative curvature 
and its applications, Geom. Dedicata, to appear. 

10. F. Otto, The geometry of dissipative evolution equations: the porous medium equation, Comm. Partial 
Differential Equations 26 (2001), no. 1-2, 101-174. 

11. K.-T. Sturm, On the geometry of metric measure spaces. I, Acta Math. 196 (2006), no. 1, 65-131. 

12. A. Takatsu, Wasserstein geometry of the Gaussian measures, Preprint (2009). 

13. A. Tudorascu, On the Jordan-Kinderlehrer-Otto variational scheme and constrained optimization in the 
Wasserstein metric, Calc. Var. Partial Differential Equations 32 (2008), no. 2, 155—173. 

14. C. Villani, Topics in optimal transportation, Graduate Studies in Mathematics, vol. 58, American 
Mathematical Society, Providence, RI, 2003. 

15. , Optimal transport, new and old, Grundlehren der mathematischen Wissenschaften, vol. 338, 

Springer, Berlin, 2008. 



Page 12 of QJ 



A. TAKATSU AND T. YOKOTA 



A. Takatsu 

Mathematical Institute 
Tohoku University 
Sendai 980-8578 
Japan 

sa6m21@math.tohoku.ac.jp 



T. Yokota 

Graduate School of Pure and Applied 

Sciences 
University of Tsukuba 
Tsukuha 305-8571 
Japan 

takumiy@math.tsukuba.ac.jp 



